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Abstract. In this paper, by using the method of characteristic curves for solving linear partial
differential equations, we obtain the whole classification of the integrals of motion for the
Rabinovich systems

X=hy —vix+yz y=hx —vy —xz 7= —v3Z+XxYy.

1. Introduction and statement of the main results

We consider the Rabinovich system
X :hy_le+yZ: P(LY»Z)
y=hx—uvny—xz=0(x.y,z)
z=-v3z+xy=R(x,y,2)

which is a three-wave interaction model, where x, y and z are real variables; v;, v, and v3 are
the damping rates and / is proportional to the driving amplitude of the feeder wave (see, for
instance, [6] or [1]).
A real polynomial f(x, y, z) is called a Darboux polynomial of the Rabinovich system if
0 a a
—fP+—fQ+—fR=kf (1)
ox ay 0z
for some real polynomial k(x, y, z), which is called the cofactor of f.
We say that a real function

H:RRxR— R x,y,z,t) — H(x,y,z,t)

is a first integral of the Rabinovich system if it is constant on all solution curves (x(¢), y(t),
z(t)) of the Rabinovich system, that is, H (x (), y(¢), z(t), t) = constant for all values of ¢ for
which the solution (x(¢), y(t), z(t)) is defined on R>. In particular, if the first integral H is
independent of the time and it is a polynomial, then it is called a polynomial first integral. If
the first integral H is of the form f(x, y, z) exp (kt), then it is called an integral of motion,
where f(x, y, z) is a polynomial, and k is a real constant.

Using the Painlevé method in 1984 Bountis ez al [1] found three integrals of motion as
follows:
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ol =(x*+ y2 — 4hz)e?! with vi=v,=v>0,v3=2v,h #0;
o [ = (x?—y>—275)e* with vy =, =v3=0v>0,h #0;
o [ = (x+y?)e? with vi=v,=v>0,h=0.

In 1991, by making use of some algebraic methods, Giacomini et al [3] obtained the following
four integrals of motion:

o [ =y +(h—2)° with v, =v; =0;
o [ =x>—(z+h)? with v, =v3=0;
o [ = (y*+z%)e?v! with vy =uv3,h =0;
o [ = (x2 — 72)e?vst with v, = v3, h =0.

In this paper, by using the method of characteristic curves for solving linear partial
differential equations, we characterize all integrals of motion. Our main result is the following.

Theorem 1. The function H(x, y, z, t) is an integral of motion for the Rabinovich system if
and only if one of the following statements holds.

(a) vi = vy = v3 = 0: the function
m m-=s

H(x, y, z) = Z Zal{n—x(x2 + y2 _ 4hz)m757i(y2 +Z2 _ 2]’2Z)i
s=0 i=0

is a polynomial first integral, where m is an arbitrary positive integer, Y ;- (a;")2 # 0,
and a;""" is an arbitrary constant fors = 1,2, ...,m;i =0,1,...,m —s.
(b) vi = vy =v3 # 0and h = 0: the function

m
H(.X, v, 2, t) — Zai(xz + yZ)mfi(yZ + ZZ)ieZI’nUlt
i=0
is an integral of motion, where m is an arbitrary positive integer and Y ;- ai2 #0.
Cc) vV = vy = v3 0andh 0: the function (x* — y? — 2z%)"e?™\ |5 an integral o
y 8
motion, where m is an arbitrary positive integer.
(d) vi = v, =0, v # v3and h = 0: the function H = ) |, a’;;(x22+ 2 is a polynomial
first integral, where m is an arbitrary positive integer and Y, a; # 0.
e) vy =vy #0, vy # vy and h = 0: the function H = (x2 + y2)"eX™'" js an integral o
y 4
motion, where m is an arbitrary positive integer.
v = vy # 0, v3 =2v; and h # 0: the function H = (x*+y* —4hz)"e*"'" is an integral
y 4
of motion, where m is an arbitrary positive integer.
(g) vi # vy and vy = vy = 0: the function H = ) | a;(y* + 22 — 2hz)" is a polynomial
. . . .. . m 2
first integral, where m is an arbitrary positive integer and Y ;. a; # 0.
h) vy vy, U2 = v3 # 0 and h = 0: the function H = (y* + z2)"e*™! s an integral o,
y 4
motion, where m is an arbitrary positive integer.
i) Vi # Vo, U2 # V3, V3 = vy # 0and h = 0: the function (x* — z2)"e?™' is an integral o
8
motion, where m is an arbitrary positive integer.
(j) vi # v2, V2 # v3, v3 = vy = 0: the function H =Y ;| a; (x%2—z>—2hz)" is apolynomial
. . . .. . m 2
first integral, where m is an arbitrary positive integer and ) ., a; # 0.

The following proposition shows the relationship between the Darboux polynomial and
the integral of motion for the Rabinovich systems.

Proposition 2. A Rabinovich system has a Darboux polynomial f(x,y,z) with a constant
cofactor k if and only if the function H(x, y,z,t) = f(x,y, 2) exp(—kt) is a first integral.
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The proof of this proposition is easy, and follows in the same way as the proof of
proposition 2 of [5], so we omit it. We note that from this proposition that, if we want to
prove theorem 1, we only need to characterize all Darboux polynomials with the constant
cofactor of the Rabinovich systems.

From theorem 1 and proposition 2, we easily obtain the following corollary.

Corollary 3. (a) There are Rabinovich systems having irreducible polynomial first integrals
of any even degree.
(b) The Rabinovich systems have no polynomial first integrals of odd degree.

This paper is organized as follows. In section 2, we introduce the method of characteristic
curves for solving linear partial differential equations: this is the main tool of this paper. In
section 3, we prove theorem 1.

2. The method of characteristic curves

This section states the method of characteristic curves for solving linear partial differential
equations (see, for instance, chapter 2 of [2]), which is a main tool of this paper.
Consider the following first-order linear partial differential equation:

a(x,y,2)Ax +b(x,y,2)A, +c(x,y, A, +d(x,y,2)A = f(x,y,2) 2

where A = A(x,y,z)and a, b, ¢, d and f are continuous differentiable.

A curve (x(t), y(t), z(t)) in the xyz-space is a characteristic curve for the partial
differential equation (2) if, at each point (xq, Yo, zo) on the curve, the vector (a(xo, Yo, 20),
b(xg, Yo, 20), c(x0, Yo, o)) 1s tangent to the curve. That is, the characteristic curve is a solution
of the system

dx dy dz

— =ax@), y@), z(1)) —— =bx (@), y(1), z(1)) — =cx(@), y(), z(?)).

dt dt dt

In practice, for convenience we treat z as the independent variable instead of ¢, then the above
system is reduced to the system (assuming c(x, y, z) # 0)

dx _a(x,y,z) dy _ b(x,y,2)
dz  c(x,y,2) dz = c(x,y.2)

This ordinary differential equation is known as the characteristic equation of (2).

Suppose that (3) has a solution in the implicit form g(x, y, z) = ¢y, h(x, y, ) = ¢, where

c1 and ¢, are arbitrary constants. We consider the change of variables

3)

u=gXx,y,z) v="h(x,y,2) w=z 4)

and we write its inverse transformation as x = p(u, v, w), y = q(u, v, w) and z = r(u, v, w)
(of course, sometimes the explicit inverse transformation cannot be obtained, or is not well
defined). Then linear partial differential equation (2) becomes an ordinary differential equation
in w (for fixed u and v)

E(uv U, w)zw +2(uﬂ U, u))Z == ?(u7 U, w) (5)
where EE, zand ? are ¢, d, A and f, written in terms of u, v and w.
If A= A(u, v, w) is a solution of (5), then by transformation (4)

A(x,y,2) = A(g(x, y,2), h(x, y,2),2)

is a solution of the linear partial differential equation (2). Moreover, the general solution of (5)
is that of (2), written in terms of x, y and z by using (4).
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3. The proof of theorem 1

The proof of the ‘if’ part follows from some straightforward calculations; the details are
omitted. We now prove the ‘only if” part.

From proposition 2, H(x,y,z,t) = f(x,y,z)e”™ is an integral of motion for the
Rabinovich system if and only if f(x, y, z) is a Darboux polynomial with the constant cofactor
k. We assume that

[y, =) filx,y,2)
i=0

—kt

is a Darboux polynomial of degree n for the Rabinovich system with the constant cofactor
k(x,y,z) = c, where f; is a homogeneous polynomial of degree i fori =0, 1, ..., n.

Substituting f and k = ¢ into equation (1) and identifying the terms of the same degree,
we obtain

af,, afn afﬂ
_ =0 6
yz Py Xz 3y +xy 97 ©)
df; af; af; df; af; af;
LA P A S R R 10 L L QL. LL B SRR O
ax ay 9z ox ay 0z

fori=n—-1,n-2,...,1,0.

In what follows, in order to prove our theorem we will use the method of characteristic
curves for solving linear partial differential equations. The characteristic equation associated
with (6) is

dx y dz y

dy  x dy 2
Its general solution is
Xyt =oc V+i=c
where c¢; and c; are arbitrary constants.
We consider the change of variables
u=x>+y? v =y’ +7’ w=y. ®)
Correspondingly, the inverse transformation is

x =+vVu — w? y=w 7 =3vVv—w? 9)

From equation (6) we obtain the ordinary differential equation
47
—( u—w2>(:|: v—w2> f":O
dw

where ?n u,v,w) = fulx,y,2, aﬂd u and v are fixed. In the following, unless otherwise
specified, we will always denote by R(u, v, w) the function R(x, y, z), written in the variables
u, v and w by using (9).
Solving this equation we obtain that
Fulu,v,w) =4, @, v)
yhere A, is an arbitrary function in u and v. In order that f,(x,y,z) = ?n (u,v,w) =
A(x?+y?, y? +7?) is a homogeneous polynomial of degree n in x, y and z, the integer n must

be even. Without loss of generality, we can assume that n = 2m, and that the general solution
of (6) is

m
fom =) al' P+ YT (7 + 2
i=0
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where a" is areal constant fori =0, 1,...,m.
Introducing f5,, into equation (7) and performing some calculations, we have
z af2m—1 — xz af2m—l +x 8f2m—l
Y ax ay Y 9z

m
= ) [20m — i)vy +2ivs +cla) (&7 + y7)" 7 (3 + 2
i=0
m—1

+Z2[(m —i)(v2 —va" + (@ + D (v2 — v3)ajy]

i=0
X(.X2 + yZ)m—l—i (y2 + Z2)iy2

m 1 . .
N S @hy' m".) 2hf'<’.)
;;( ) (1_] en’(
X(xz +Z2)m717i+j(y2 +Z2)i7j-xy-

Using the transformations (8) and (9), from this last equation we obtain the following ordinary
differential equation:
d_ m 1
M = Z[Z(m —i)vy +2ivs +clau™ iy
dw i=0 (:I:\/u — w2> (:I:\/v — w2)
m—1

= 2[0m — i)y — v)a]" + (i + 1) (v2 — va)afs, Ju" o
i=0

w?

(v ) (e —w?)

m 1 . s
M m = . Lo w
+ E a;' E (4h)' < l.)(Zh)f <l,)u’”1’”v’l—.
pur S 11— J Vv —w?

Integrating this equation with respect to w we obtain

Fomor = —g[ﬂm—’)”l +20vs +clafu™ l”l/ (imsu()im)

m—1

— ZZ[(m —)(v2 —vDa" + ([ + D(v2 — v3)a/y]
i=0

Xum—z—lvi/ w?dw
(im) (im)
_Zn(;a;" ;(4}1)1] <T:Jl) (2h)’ <;) m—1=i+j i=j (:l: 5 _w2>

+?;m_1(u, v)

where f,, _, is an arbitrary function in u and v.
An easy computation gives

2dw \/u—wzd N /
= — wH+u
Vu — wivv — w? Vv —w? «/u—wzx/v—w2
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Since
/‘ dw d \/M—wzd
an ——dw
Vu — w?vv — w? Vo —w?

are elliptic integrals of the first and second kind respectively (see, for instance, [4]), in order that
. . —%

fom—11s ahomogeneous polynomial of degree 2m —1, we musthave f,, _, x2+22,y?+75) =0

and

[2(m —i)v; +2iv3 +cla]" =0 i=0,1,....m (10)
(m—i) (v, —v)a" + @ + D(vy —v3)al}; =0 i=0,1,...,m—1.
Therefore,
m 1 . .
m —jfm—1 i1 2 2ym—l—i+j 2 | 2\i—j
mot == a" ) (4n' ,( .)<2h)f<.)(x +y%) I(y*+20) 7z
fom- ; ; 1 j y y
m—1 ) }
= — ) [4h(m — i)a)" +2h(i + Dafi,1(x* + y)" 7 (v + 27z (11)
i=0
From equations (10) we distinguish the following four cases:
(i) v{ = v, = v3, and then ¢ = —2muy;
(ii) vi = vp, v #v3,and thenal" =ay =--- =a), =0,a5 # 0and c = —2muvy;
(iii) v; # vy, v = v3,and thenay =a"' =---=a,_, =0,a), #0and c = —2muvy;
(iv) vi # v2, V3 # v3, and then vy = v3, ¢ = —2mv; and a]” #Ofori =0,1,...,m.
Case (i). v = vy = vzand c = —2muv;. Introducing f;,,—; into equation (7) withi = 2m —2
and performing some calculations, we obtain
Zame—Z —xz 8f2m—2 +x 8f2m—2
Y ox ay Y 9z
m—1
= Y 2hvi[20m — )" + (i + a1+ y)" T (v + 27z
i=0

m 2 . .
+3 a2y @i m_l.) 2hf(l.)
;,Z;() (2_J<> j
= J=
X(xz + y2)m727i+j(y2 +Z2)i*jxyz.
In the above computations, we used the following.

Lemma 4. For any non-negative integers m, s andi satisfyingm > s+i, the following equality
holds:

D @hy (T _ J’ ) (2h)’ ( ; ) Ah(m —s — i+ )+ y?)" I (2 4 )
Jj=0
+ ;W‘f (’f__ Jl) (2h)’ ( ; ) 2h(i — )+ y? ) T (P + )

s+1 . .
_ 1 4R+ m—1 ) 2h)/ (l> 2 o 2ym=l=s—ikj 20 2yij
(s + ).]_E:O( ) < (2h) j (" +y9) (y"+2%)

s+1—7
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Proof. By straightforward computations we have
> (@hy <’f__ Jl ) (2h)’ ( ; ) dh(m —s — i+ (x> +y)" T (y? 4 )
j=0

"~ @hy ’"‘f) th(i.>2h'—'
+;() (S_] @m’ () 2hG =)
X(.X2 +y2)m—s—i+j(y2 +Z2)i—l—j

— (4h)s+1 <m S— l) (m g i)()C2 + yZ)mflfsfi(yZ +Z2)i

. i [(m—i g .
+;(4h) J (S_j>(2h)/ (j>(m—s—l+])
X(xz+y2)m—1—s—i+.f(y2+Z2)i—j

s—1 . .
by~ m‘f) 2h f”(’.) i —j
+;(> (s—] @) =)
X(XZ+y2)m757i+j(y2+z2)i717j
+(2h)s+1 (;) (l _ S)(xz +y2)m7i(y2 +Z2)i*17§

m—1i
s+1

- sl m—i (i
+;(s+1—])(4h) : f<s+1_j>(2h)f<j>

J
X(xz +y2)m71737i+j(y2 +Z2)i7j

. s+l—j m—i . j i
+Z(4h) <s+1_j>j(2/’l) (J)
j=1
X(.X2 +y2)m—l—s—i+j(y2 +ZZ)i—j

1> (xz + yZ)mfi (y2 + ZZ)i*lfs

s+1 . .
_ s+1—j m—1 i
=(s+ 1)) (4h) ](s+1—j)(2h)](j>

=0

— (.S + 1)(4h)9+1 < > (xZ +y2)m—1—x—i(y2 +Z2)i

i

s+1
+(s + (2h) (S .

X(x2 +y2)m717$7i+j(y2 +Z2)ifj.

This proves the lemma. U

From the previous equationin f5,,_, we obtain the following ordinary differential equation,
taking into account the changes (8) and (9):

72m—2 (= . . =i i 1
= 2h 2 _ m + + 1 m m i =
™ ,E:O vi[2(m —i)a;" + (i aj lu v :I:«/m

m 2 . .
=3 a2y @ny <’2”__ ]’ ) (2h)’ ( ; ) W2 iy,
i=0 j=0
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Since

ftiamen(3)
—————— =—arcsin | —

u— w? N

in order that f5,,_>(x, y,2) = ?Zm_z(u, v, w) is a homogeneous polynomial in x, y and z, we
must have

hvi[2(m — i)a + (i + a1 =0 for i=0,1,...,m—1. (13)

Therefore,

m 2 . .
fom—a = — Zal{n 2(4]/1)2—} (?:;) (2h)j (;) (x2 + ZZ)m—Z—i+j (yz +zz)i_jy2
i=0  j=0
+f2*m—2(x2 + yzv y2 + Zz)

m 2 . )
= Zatm 2(4}1)2# (I;__]l) (2h)/ (;) (X2 + Z2)ym2i (y2 4 g2)ii g2
i—0  j=0

m 2 . .
=Dy 4 ('2"__ ]’ ) (2h)’ (;) (2 422" (R 4 )
i=0 j=0

2,2 2, 2
+f2>.;n—2(x +y,y +2 )
where £ , is an arbitrary function in x> + y* and y? + z2. Without loss of generality, we
select

m 2 . .
m —j[m—-1 i ! m—2—i+j i—j
fam—2 = §__O:ai j§=0:(4h>2 ,<2_j>(2h),< J.)(x2+z2) )

m—1
+Za;"171(-x2 +y2)m—1—l (y2 +Z2)l
i=0

where a}”‘l is areal constant fori =0, 1, ..., m — 1. From condition (13) we distinguish the

following three cases.

Subcase 1. h = 0. Then we have

m—1
fom—1=0 Som—2 = Z a '+ yHm T G )
i—=0

Introducing f5,,— into equation (7) with i = 2m — 3 and performing some computations,
we obtain

Z8f2m73 ez 0fom—3 +xy 0fom—3
Y dx ay 9z

m—1
— _21)1 Zalmfl(xz + y2)m—l—i (y2 + ZZ)I’.
i=0
Using the transformations (8) and (9) and working in a similar way to solving f5,,—1, we obtain

d_ m—1 o 1
f2m73 — 21}] Za[m—lum—l—lvt .
dw =0 (j:\/u - w2) (:I:\/v — w2)

Similar to the proof of f;,,_, in order that f;,,_3 is a homogeneous polynomial of degree

2m — 3 we must have

vla'.“_lz() for i=0,1,...,m—1 (14)

1




Integrals of motion of the Rabinovich system 5145

and f5,,—3 = 0. By recursive calculations, we obtain that fors = 2,3,...,m — 1
m—s
—s 2, 2Nm—s—i 2, L 2Ni
f2/7172s = Zalm S(x +y )m ! l(y +2 )l f211172sfl =0

i=0
with conditions
via;" " =0 for s=2,3,...,m—1 i=01,....,m—s. (15
If vy =0, then ¢ = vy = v, = v3 = 0. By (14) and (15) we obtain that

m—1m—s
f — Z Zaimfs ()C2 + yZ)WL—S—i (yz + Z2)i
s=0 i=0
is a polynomial first integral of degree 2m, where Z;"zo[ai’”]2 # 0 and @'’ is an arbitrary
constant for s = 1,2,...,m — landi = 0, 1,...,m — s. This proves statement (a) with
h = 0 of theorem 1.
Ifv; #0,theng;" " =0fors=1,2,...,m—1landi =0,1,...,m —s. Hence

f — Zalm(xz + yZ)mfi (yz + ZZ)i
i=0
is a Darboux polynomial with the constant cofactor k = —2muvy, where ) \_ [ ] # 0. This
proves statement (b) of theorem 1.

Subcase 2. h # 0and vy = 0. Then vy = v, = v3 = ¢ = 0. Substituting f,,_, into
equation (7) with i = 2m — 3 and performing some calculations which are similar to the proof
of fom—1, we have

0fam—3 3fam—3 afzm 3 N i e
sy s - S San (1 1w ()

dy

X()C2 + y2)m7371+/ (y + ZZ)tfjxyZ

—Za’" 12(4}1)‘ f( )(211)1(]')

x (x> +y )’" T (y? + 2 Uy,

Using the transformations (8) and (9), from this partial differential equation we obtain the
following ordinary differential equation:

dfz'" 3 Zamz. Z(4h)3 j ( J’) 2h)/ (;) Wy (o = w?)

m—1 .
+Za'" 12(4}1)' ,( n )(2h)’<]> e v“’_ —.

Integrating this equation w1th respect to w and in a similar way to the proof of f5,,_;, we obtain

m 3 . .
fans ==l 2(4’”37" @__ j ) (2! (3) (2 4+ y2Y 3 (32 4 )i
m—1 | R ;
_ m— 4 1—j ) j
> Z( n) ( - )(m (,)

X()C +y)M7271+‘](y +Zz)l7jZ-
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Introducing f>,,—3 into equation (7) with i = 2m — 4 and performing some calculations
which are similar to the proof of f;,,_», we have

Zame—4 ez 0 fom—a oy 0fom—4
Y ox ay Y 9z

m 4 . .
= m4 N (4hyt ’"‘f) 2hf<’.>
;a, ;( ) (4_] @’
X(xz +y2)m747i+j(y2 +22)i7jxyz3
m=15 N " (42 2hf<'>
+Za Z() ( )() j

x (x2 + y?)" 3T (2 4 22 T xyz.

By using the changes (8) and (9) and working in a similar way to the proof of f,,,_, and f5,,—3,
we obtain that

m 4 . .
sz—4 — Z“zm Z(4h)4—j (Zl_—]l ) (Zh)j (;) Mm—4—i+jvi—j(v B wz)z
i=0

_Zam 12(4h)2 J ( )(Zh)J (J) m— 37i+jvi7jw2

+A2m—4 (M s U)

where Ay, _4 is an arbitrary function in u and v. Therefore, from the change (8) we have

Foms = Za 2(411)4 J < ;) (2h)j (;) (x2 +y2)m747i+j(y2 +Z2)i—jz4
m—1 4 2—j 2 j
Bergo (5 o ()

X(X +y )m737l+j(y +ZZ)17JZ

m—1 .
S (73 ()
X (2 4y T (2 4 )T A g (432, 3+ 20,

In order that f>,,_4 is a homogeneous polynomial of degree 2m — 4, without loss of generality
we can select

m 4 . .
m —jfm—-1 i1 m—4—i+j i—j
f2m—4 = lézo al 2_:(4;[)4 J <4 B ]) (2h)/ (J) (x2 +y2) 4 J(y2 +Z2) jZ4
+ 2 am 1 E (4h)2 j ( ) (Zh)] (;) (x2 +y2)m—3—i+j

m—2

X(y2 + ZZ)i*jZZ + Z a;ﬂ—Z(XZ + y2)m727i (y2 + ZZ)i.
i=0
By recursive calculations, we can obtain that for/ =2,3,...,m — 1

B e T ——
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m— 12[ = 20-2—j _1 j i
+Za Z(4h) 5 (2h)

J

x(x +y )m —2[+1— l+j(y +7 )l ]ZZI -2
= m—2— i
X(x + y )m—21+2—l+_] (y +7z )l—j 214

m—I+1 . .
+. +Z mz+12(4h)2,( _zlj;._l>(2h)j(;.>

m—I[
X(X2 +y2)m7/717[+j(y2 +ZZ)[7jZ2 + Za;’n—l(xz +y2)m717i(y2 +Z2)i
i=0
I m—s 2l—2s m s —i i
_ m—s 20-2s—j - J
=22 2 (a7 ) e (5)

X()C +y )m 2l+s— l+](y +Z2)1 jZZI 25.

| m—s 21—2s+1 ]
m—s 2U+1—25—j m—s—i it
fomair ==Y ) a; Z (@h) (21+1 j>(2h) <J>

s=0 i=0

X()C2 +y )m 20— 1+s5— l+j(y + ZZ)I jz2l+1 23.
Combining these two expressions we have

[1/2] m—s 1-2s
fonezer = (=110 al ™ Yy @y ( ;o )(Zh)f ( J)

5=0 i=0 j=0
X (x2 + y2)m—l+.f—i+j (y2 + Z2)i—‘]'Zl—2S.
Hence, for the Rabinovich system the Darboux polynomial of degree 2m is

2m—1 2m—11[1/2] m—s [-2s . . ) .
f= Zfzmz—ZZZa'“z} 4hz)'~ 2”< ;)(—th)’<;>

=0 s=0 i=0

X(X +y )m l+s— l+j(y +Z2)l j'

For every given s (0 < s < m) the sum of the terms ¢;" " with the same superscript m — s is

m—s 2m—11-2s
i= s j=

X (; ) (O + 2517 (=2hz)!

m—s 2m—1-2s t m 5 —
_ m—s - 2\m—s—i—(t—j) t—j
—;ai > < o )(x +%) (—4hz)
i=l
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X (; > (% +2%) 7 (=2hz)’

m—s i 2m—1-2s—j m s ;
m—s —s 2 2\m—s—i—t t
a; Z Z ( r—j ) (x°+y°) (—4hz)

j=0 =0

i=

0
(;>(ﬁ+z%fk—ﬂmﬂ

X

m—s s m—s—i m_s—i
ST

i=0 t=0

X(xz + yz)m7S7i7t(—4hZ)z Z < l.) (y2 + Z2)i*j(_2hz)j

=0 \J

— Zalmfs(XZ + y2 _ 4hz)m—s—i(y2 +Z2 _ ZhZ)i.

i=0

So, we obtain that

m—1m—s

f= Z Zalf"ﬂ()c2 +y2 —4h)" (Y2 + 22 — 2h2)!

s=0 1=

is a polynomial first integral of degree 2m, where ) .- a!* # 0. This proves the statement (a)
of theorem 1.

Subcase 3. h # 0and v; # 0. Then from condition (13) we have 2(m —i)a]" +(i+1)al,; = 0
fori =0,1,...,m — 1, that is

m i[m m
a' = (=2) <i>a0.

Hence, we obtain that

- my2 2 m—i .2 2\i - i[fm my 2 2 m—i .2 2\i

m = ai X"+ +Z = —2 R a (x° + +z

f ;ZO T+ y)" T +20) ;ZO( ) (l ) 2+ yH)" (v + 22
= a(')”[(xz + yz) - 2(y2 + Z2)]2 = a6”(_x2 — y2 — 2Z2)m

f2m—l =0.

From equation (7) with i = 2m — 2 and working in a similar way to solve f,,,, we can
easily obtain that

m—1

fma =Y @l @+ )" TG+
i=0
Inserting f,,—» into equation (7) with i = 2m — 3 and performing some computations, we
have

0fom—3 3fom—3 3 fom—3 = 1,0 2m—l—i 2 2N
— + J—— 2U m + m ] + 1
Vi Xz 5 xy=—o ;:o @] (x"+y%) O +z9)

m—2

== [4h(m — 1 = i)a" " +2h(i + Dafi 1> + y*)" 27 (37 + %) xy.
i=0
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Using the changes of the variables (8) and (9), from this equation we obtain the following
ordinary differential equation:

d?Zm -3

m—1 1
_ m—1_ m—1—i_ i
w E 2via;" " u v
i=0 (

+Vu — w2) (i\/v — w2)

m—2
P w
+ § [4h(m — 1 —i)al " +2h(i + Dal Ju" > v ———.
= H Vv —w?

Integrating this equation with respect to w, we obtain

m—1
_ . d
N RPNy g
i=0 (:i: u— w2) (:i: v — w2)

m—2
=Y [k — 1 — )@ + 20 + Dl 1" 20"z + Apy_3(u, v)
i=0

where A,_3 is an arbitrary function in u and v. So, in order that f,,_(x,y,z) =
fou_i(u, v, w) is a homogeneous polynomial of degree 2m — 3, we must have A, _3(x* +
y2, y2+z%) = 0 and v]aim_1 =0fori =0,1,...,m — 1. This means that aim_l = 0 for
i=0,1,...,m — 1. Moreover, we obtain that f,,_3 = 0.

By recursive calculations and in a similar way to solving f,,,—» and f5,,—3, we can obtain
that f5,_; =0forl =4,5, ..., 2m. Therefore, the function

2m
F=Y fam=ay(x? —y* = 2"
i=0

is a Darboux polynomial of degree 2m with the constant cofactor —2muv; for the Rabinovich
system. This proves statement (c) of theorem 1.

Case (ii). vy = v and v, # v3. Then
fam = af (> + yP)" fam—1 = —4hmag (x> + y*)" 'z

Introducing f5,,— into (7) withi = 2m — 2 and performing some computations, we obtain

Zafzm—z vz 0 fom—2 iy 0fom—2
Y ox ay Y 0z

+2(4h)> (”21 ) al (x* + y»)" 2xyz.

= —4(vy — 2u))mhal' (x* + yH" 'z

By using the changes (8) and (9) and working in a similar way to case (i), we obtain

- _ _ m, m—1 : i _ 2 (M m, m=2_2 , x
fom—r = 4(v3 — 2v)mhag u arcsin NG (4h) ( ) > agu”" W + Ay (u, v)
where A,,,_» is an arbitrary function in # and v. In order that f>,,_»(x, y, z) is a homogeneous
polynomial of degree 2m — 2, we must have i (vs — 2v;) = 0 and

m—1

m m m— m— m—1—i i

fon—2 = (4h)? < 5 ) ay 2+ 1" 4 Y a4y (4 )
i=0

m—1
i

where a are real constants fori =0,1,...,m — 1.
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Subcase 1. h = 0. From equation (7) with i = 2m — 3 we obtain
0fm—s  fms  wms RO o amiia, o
vz x —xz 3y +xy a2 :—ZZvlai x“+y9) (y"+2z9)

i=0
m—1

+ Z 2i (U3 _ vl)all"n—l (x2 + yZ)mflfi (yz + ZZ)i71Z2.
i=0
From this equation and using the method of characteristic curves for solving linear partial
differential equations, we obtain

m—1
_ . dw
f2m—3 — 2vlaim—lum—1—zvz /
; (:I: u— w2) (:l:\/v - w2)
m—] Vv —w? —

- 2i(v3—vl)a("*lum_l_ivi_l/—+A2 _3(u, v).
; ! +vu — w? "

In order that f,,_3 is a homogeneous polynomial of degree 2m — 3, we must have

Ao 3>+, 92+ =0, via" ' =0and i(v; —v))a" ' =0fori =0,1,...,m — 1.
Since v; # v3, we obtain that vlag’_1 =0and ai’”_l =0fori=1,2,...,m—1.
If vy =0,thenc =v, = v, =0,v; #0, and
Fomea = ag ' (x* 4y Som—z =0.

By recursive calculations and in a similar way to solving f,,—» and f,,_3 we obtain that for
[1=2,3,...,m—1

12 2m—l
fom—u = ag " (x=+y)" Som—2-1 =0.

Therefore, we obtain the function
m
f= e+
i=1

which is a polynomial first integral of degree 2m, where a;;’ # 0 and a(i) is an arbitrary constant

fori =1,2,...,m — 1. This proves statement (d) of theorem 1.
If v; # 0, then a(')"_l = 0. So, the function f>,_, = 0. By recursive calculations, we can
obtain that f;,,; =0 forl = 3,4, ..., 2m. Therefore, we obtain the function

f=ap ey
which is a Darboux polynomial with the constant cofactor —2muv;. This proves statement (e)
of theorem 1.

Subcase 2. h # 0, then v = 2v;. Since v, = vy and vy # vy, this verifies that v; # 0.
Introducing f>,,—» into equation (7) with i = 2m — 3 and performing some computations give

dfom—3 0 fom—3 Afom—3 sLfm\ 5 am3 o
yim Az 3y tay=o, ——(4h)§ 3 )0 (7Y ayz

m—1
_ Z Zvlaim—l (% + yz)mfm(yz +72)
i=0
m—1
+ Z 2iv1aim_] (xz + yz)mfl—i(yz + Zz)i7122
i=0
m—2
= [4h0m — 1= )@ + 2h(i + Daliy 1 + )" 27 (% + 2% xy.
i=0
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Using the changes (8) and (9), from this equation we obtain the following ordinary differential
equation:

AT
1
+Vu — wz) (j:«/v - wz)

Jv — w2
—E:Q,lvlamlmllll:t v w

m—1
+ 2v1a;"_lum’1”v’
2 (

+vVu — w?
P w
+ Y [4h(m — 1 —i)a" " +2h(@i + Dal ] Tu™ o ———.
Z + +vv — w?

Integrating this equation with respect to w, we have

72,”_3 = —(4h)? (’;1) agu™” 3 (:I: v — w2>3

m—1
N o dw
+ 2va;” 114'"717’1)’/
2 (

:i:«/u—w)(:l:«/v—w)
_Zzlvlamlmltvz I/i“’v_wz
+Vu — w?

m—2

=3 l4hGm — 1 —i)a! " + 206 + Dally (i\/v - w2)

i=0
+A2m—3 (u ) 1))

where A,,_3 is an arbitrary function in # and v. In order that f,,_3 is a homogeneous
polynomial of degree 2m — 3, we must have As,_3(x> +y%, y? +2z2) = 0, vja”' = 0 for
i=0,1,...,m — 1. This means that ai’”_l =0fori =0,1,...,m — 1. Moreover, we have

s = e ()

By recursive calculations we obtain that

; (—1)* (4h)* <’? ) al' (x> + y)" for s=4,5....m
2m—s —
0, for s=m+1,m+2,...,2m.

Hence, the Darboux polynomial of degree 2m is
_ - _ 1)\ s m my. 2 2\m—s _ _ m
f_g( 1)* (4h) (s)ao(x + Y = al'(x* + y? — 4hz)
with the cofactor —2mv;. This proves statement (f) of theorem 1.

Case (iii). v; # vy and v, = v3. Then ¢ = —2mv,, and

fom =al(y? +25)" Fomt = —2hma (y* + 2" 'z
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Introducing f5,,— into equation (7) with i = 2m — 2 and performing some computations, we
obtain
dfom—2 0 fam—2 0 fam—2
vz —xz +xy
ax ay 9z

= 2hmv2a;”1(y2 +7H)" 1

+(2h)*2 <’121) am(y? + )" xyz.

From this equation and using the changes (8) and (9), we can obtain

J— _ . w m _ J—
fomen = —2hmuvya, v" Varcsin — — (2h)? ( ) a™v" 2 w? + Agy_a(u, v).

In order that f5,,_, is a polynomial, we must have hv, = 0.

Subcase 1. h = 0. Then

m—1

1 =0 faa=Y a" Py )
i=0

Inserting f,,—» into equation (7) with i = 2m — 3 and performing some computations, we
obtain
vz 8f2m73 —xz 8f2m73 +xy af2mf3
dx ay 9z
m—1 ) )
=Y a ' 20m — 1 — D)y +23 — m)v](x® + y*)" T (2 + 22
i=0
m—1 ) ]
+Za;n712(m _ 1 _ l')(v2 _ v])(x2 + y2)m—2—z (y2 + Z2)ly2.
i=0
Working in a similar way to the proof of f,,,_;, we obtain from this equation that

m—1

fomsz=— Zalm_l[Z(m —1 =D +2G — m)vp ™!
i=0

d m—1
v m10m — 1 — i) (vy — v1)

X/ (:i:«/u - wz) (:i:«/v - wz) - ;al

xum_z_ivi/ wduw + Agp_3(u, v).
(im) (im) N

In order to obtain a homogeneous polynomial solution f,,,_3 of degree 2m — 3, we must have
A2m,3 = 0, and

2m—1—-iv +2G — m)vz]a['“1 =0 m—-1—=10i)(vy — vl)ai"“l =0

fori =0,1,...,m —1. Thismeansthatcz;"*1 =0fori=0,1,...,m —2andv2a:n"j =0.
Moreover, we have fo,—» = a”~ | (y> +z%)" " and fo,_3 = 0.
If v; =0, then ¢ = v, = v3 = 0 and v; # 0. By recursive calculations and in a similar
way to solve f>,,_» and f>,,—3, we can obtain that for/ =2,3,...,m — 1
—1,.2, 2ym—l
Som—u = ay,_; (y"+2)" Som—2-1 =0.

Therefore, we obtain the polynomial first integral of degree 2m

m
f — Zai(y2 +22)i
i=1
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where a™ # 0 and a' is an arbitrary constant for i # 0. This proves statement (g) with z = 0
of theorem 1.

If v # 0, then a ,'n"_ = 0. So, the function f>,,_» = 0. By recursive calculations, we
can prove that f,,_; =0forl =4,5,...,2m. Hence, we obtain the Darboux polynomial of
degree 2m:

f — af,f(yz +Z2)m
with the cofactor —2muv,. This proves statement (h) of theorem 1.

Subcase 2. h # 0 and v, = 0. then ¢ = v3 = 0 and v; # 0. Moreover, we have

fom = —(2h)* (’; ) ar(y* + )" Iy + A+ yr + 2P

m—1
_ (2h)2 ("21> azz(yz + Zz)m—zzz i Zalmq(xz n y2)m—1—i(y2 +Z2)i.
i=0
Introducing f5,,—» into equation (7) with i = 2m — 3 and performing some computations give

3 fom— 0 fom— 0 fom—
Ve fom—3 z fom—3 Fxy fom—3 _ —en3 (M) ar o2+ 2y
dx dy 9z 3
m—1
+ Z al.m_IZ(m —1 =D (2 +y)" (2 + 22)ix?
i=0
m_2 . .
— > [Bh(m — 1= )a" " + 206 + Daliy "1 + 37" 27 (3% + 29 xy.
i=0
From this equation and using the changes (8) and (9), we can obtain the following solution:

fom_z = —(2h)’ (;131) amy™3 (:t v — w2)3

m—1
-> :a;"—'z(m — 1= Do

i=

/ im
im

- Z [4hm — 1 = a™ + 20 + Daly 1" 27" (£v/v - w?)

+Aom—3(u, v)

where A,,_s is an arbitrary function in u and v. In order that fz,n 3(x, y, z) f 2m 3, v, 7)
is a homogeneous polynomial of degree 2m — 3, we must have Ay, 3(x% +y2, y>+7?) =0
and

(m—1-ia""'=0 for i=0,1,...,m—1.
This means that alf"*l =0fori =0,1,...,m — 2. Therefore, we obtain that

fzmz=<2h)2(’§> an (42" b an T (6 + )"

fan—z = —(2h)’ (";) ap (y? + 22" 72 = 2h(m — DaypZ (v +2)" 2.

Working in a similar way to subcase 2 of case (i), we can obtain recursively that the
Darboux polynomial of degree 2m is

f=) a*+2 = 2hz)
i=1
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where a,, # 0 and g; are arbitrary constants for i # 0. This proves statement (g) of theorem 1.

Case (iv). v # vy and v, # v3. Thenv; = v3, ¢ = —2mv; and (m —i)a" + (i + 1)al;; =0
fori =0,1,...,m — 1, that is

a;"=(—1)f<";>ag’ i=1,2,...,m.
Therefore, we have
m
f2m — Zalm(xz + y2)m—i(y2 +Z2)i — a(r)n (x2 _ ZZ)m
i=0

f2m71 — _tha(r)n(xZ _ ZZ)m—lZ.
Introducing f>,,— into equation (7) with i = 2m — 2 and working in a similar way to solve
fam—1, we can prove that

m—1

m m m— m— m—1—i i

fzm—2=(2h)2(2>ao(x2—Z2) 2224y a6+ )
i=0

with the condition Av; = 0.

Subcase 1. h = 0. Then working in a similar way to the proof of subcase 1 of case (iii), we
can obtain that if v; = 0 the Darboux polynomial of degree 2m is

f — Zai(x2 _ ZZ)i
i=1

where a,, # 0 and g; is an arbitrary constant for i  m. This proves statement (j) with 4 = 0
of theorem 1.
If v; # 0, the Darboux polynomial of degree 2m is

f=ay (=27

with the cofactor —2muv;. This proves statement (i) of theorem 1.

Subcase 2. h # 0. Then v; = v3 = ¢ = 0 and v, # 0. Then working in a similar way to
the proof of subcase 2 of case (i) and of subcase 2 of case (iii), we can prove that the Darboux
polynomial of degree 2m is

m
f= X:ai()c2 — 72— 2hz)’
i=1
where a,, # 0 and g; is an arbitrary constant for i £ m. This proves statement (j).
Combining all the results we complete the proof of the theorem.
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